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0.1 Polynomials and divisibility
0.1.1 Definitions

A polynomial is an expression like

n
a=> al =a,0"+a, 10" 4. + a0+ ag, (1)
=0

where all the coefficients a; are supposed to belong to some field K and [J is a placeholder. In
other words, a polynomial is a finite sequence of elements of K. The set of all the polynomials
over the field K is denoted K[z].

The addition and the multiplication of two polynomials a = > ;a;[J* and a = Z;”:O b,V are
defined in the obvious way that you remember from elementary algebra (a;[0 - bij = a;b; O+,
and all the properties of a field apply).

If k is the maximum index in (1) such that a; # 0, then k in is called the degree of the polynomial
a and is denoted dega. In particular, a constant polynomial has degree 0; the only exception
is the zero polynomial a = 0, to which some authors assign no degree at all; to restore some
compatibility between formulas, I will let instead deg0 := —oo. The sum of two polynomials
a,b has degree equal to max{dega,degb} if the degrees differ; if dega = degb = n, the sum
has degree < n (depending of course on the leading coefficient[s]). The product of a,b has the
degree deg ab = dega + degb}.

A polynomial function is a function a : K — K defined by

n
a(z) = E ;2" = apz" + an_12""+ ...+ a1z + ao.
i=0

Hence, to each polynomial there corresponds a polynomial function in the obvious way, but the
converse is in general false: note, for instance, that in the field B = {0,1} (the binary field,
where the addition and multiplication are the XOR and the AND operators respectively), the
polynomials @ = 10 and b = 10 + 102 + 102 yield the same polynomial function f(z) = z,
and yet they are different polynomials. It is true, however, that if K is infinite (K = R or C)
polynomials and polynomial functions are in one-to-one correspondence, so we shall not worry
about this issue anymore (from now on, z will act both as the placeholder of the polynomial
and the variable of the corresponding function).

0.1.2 Divisibility and roots

A polynomial b € K[z] is said to divide another polynomial a € K|z] if there exists ¢ € K[z] such
that a = bg. This is denoted b|a.

A number z € K is a root of a polynomial a if a(z) = 0.



Theorem 0.1.1 Z is a root of a if and only if (z — Z)|a.

Theorem 0.1.2 (fundamental theorem of algebra). Any polynomial a € C[z] with dega > 1
admits a root Z € C.

This is usually stated by saying that the field C is algebraically closed. Note, by contrast, that
R is not algebraically closed: for instance the polynomial 22 + 1 € R[2] has no root in R.

Corollary 0.1.1 Any polynomial a € Clz] with dega = n > 1 can be factorized in a unique
way as
a(z) =an(z—z1)(z — Z2) ... (2 — Zp). (2)

The number a,, in (2) is the leading coefficient (i.e. the coefficient of the term with maximum
exponent) in the common expression of a(z) = a,z" +...+ag. The polynomial a is called monic
if a, = 1, so that a monic polynomial reads a(z) = 2" + a,_12" "' + ... + ag.

Theorem 0.1.3 (Euclid). Given any two polynomials a,b € Clz] (or R[z]), b # 0, there exist
unique polynomials q,r such that

a=bqg+r, degr < degb.

The proof is based essentially on the properties of Euclid’s division algorithm. Here ¢ is called
the quotient of a and b, and r is called the remainder of the division of a by b. Note that this
is one of those cases in which deg0 := —oco (or anyway negative) becomes useful: indeed if
degb = 0 (b is a nonzero constant, e.g. b = 1), then = 0, and the definition —oo < 0 maintains
the claim of the theorem.

0.2 Greatest Common Divisor and Euclid’s algorithm

0.2.1 Definitions

A common divisor of two polynomials a, b is a polynomial d such that d|a and d|b.

A greatest common divisor (g.c.d. for short) of a,b is a common divisor d of a,b such that, if
d' is another common divisor of a,b, then d’|d. Note that (unlike the well-known g.c.d. of two
numbers m,n € N) the g.c.d. of two polynomials over R or C is never unique, due to the arbitrary

choice of the leading coeflicient: it becomes unique if we require it to be monic. We will denote
the monic g.c.d. as ged(a, b).

If ged(a,b) = 1 (“constant” polynomial of degree 0) the polynomials a, b are called coprime.

0.2.2 Euclid’s algorithm

The existence of a g.c.d. of two polynomials a, b is guaranteed by the convergence properties of
FEuclid’s algorithm to compute it.

Let ap := a and by := b be two polynomials (e.g. in R[z]) whose g.c.d. we want to compute; note
that, without any loss of generality, we can assume deg by < degag. The algorithm proceeds as
follows. We find quotient and remainder according to Euclid’s division theorem:

ap = boqo + 7o (degro < degbp).

A key fact to notice here is that ged(ag, bg) = ged(bg, o). Indeed, if d is a common divisor of
ag, by, then it divides also ag — bogo = 9, and hence it is a common divisor of by, ro; vice versa, if



d divides by, ro then it must divide also byqp + 19 = ag, and hence it must be a common divisor of
ag, byp. This is true for any common divisor p; it follows that it is true also for the unique monic
g.c.d., that is ged(a,b) = ged(ag, bo) = ged(bo, 79). Now, the entire point of Euclid’s algorithm
is that passing from ag, by to bg, 9 the respective degrees have decreased: degby < degag by
assumption, and degry < deg by by Euclid’s theorem. Therefore finding ged(bg, ro) is a smaller-
scale problem with the same result; it makes sense to let a1 := by and b1 := r¢ and proceed with
the same iteration,

ar =biqp +r1 (degry < deghby),

thus obtaining the new problem gcd(a,b) = ged(by,r9) = ged(ar,by) = ged(by,r1), where
degb; < dega; and degr; < degb;. We proceed again and again, letting each time ap4q := by
and bgyq 1= rg:

as = bago + 19 (degry < degby),

arp = bpqr +r (degry < degby),
41 = bpp1Qrt1 + Trt1 (degryp1 < degbpy1),

Since the degree of the remainder keeps decreasing, at some step n it will unavoidably happen
that

an = bpqn + 1 (degry, < degby,),

ap+1 = bn+1Qn+17 Le. Tn+1 = 0.
The equality
ged(a, b) = ged(bo, o) = ged(by, m1) = ... = ged(bg, ri) = ... = ged(bn, rn) = ged(bpt1, Tnt1)

is preserved throughout the whole execution, but at the end we obtain ged(bpi1,7n4+1) =
ged(bp41,0) = byy1: indeed every polynomial divides the zero polynomial. Hence the last
non-zero remainder 7, = b, is the g.c.d. computed by Euclid’s algorithm. Note that nothing,
so far, ensures that the result is actually monic, for the leading coefficient of the result depends
on the coeflicients of the original polynomials a and b; however, monicity can be trivially enforced
dividing by its leading coefficient. Here follows a quick and dirty recursive implementation in
Python:

from numpy.polynomial.polynomial import polydiv, polysub, polymul

# a, b: vector-like objects (of floating point numbers)
# [1., 2., 3.] "= the polynomial 1 + 2z + 3z72
def Euclid(a, b):
if len(b) == 1 and b[0] == 0.0: # the zero polynomial
return [c/a[-1] for c in a] # enforce monic

(q, r) = polydiv(a, b)
return Euclid(b, r)



0.2.3 Extended Euclid’s algorithm

Euclid’s algorithm does not only allow to compute a g.c.d. of two polynomials a, b, but also to
recover two polynomials z,y such that

ax + by = ged(a, b).

(This is a particular case of a Diophantine equation.) To see how to recover x and y, turn back
to the n-th step of Euclid’s algorithm:

an = bpqn + T,

Ant1 = bnr1Qn41-

From the very last equation a,4+1 = bpt1Gn+1 We recover

ged = byt
= bnt1 + ant1 — but1gnsr
=0
=ant1- 1 +bpa (1 - Qn—i-l)

=Entl =Yn+1

= Ap+1Tn+1 + bn+1yn+1~

Let’s backtrace to the n-th step:

ged = anp1Znt1 + bnr1Ynt
= bpTnt1 + Yntl
= bpTnt+1 + (an — bnGn)Yn+1
= an@+bn (Tnt1 — Gn¥Ynt1)

=Tp =Yn

= ATy + bpyn,
and to the previous one,

ng = AnTp + bnyn
= bn—lfrn + (an—l - bn—lQn—l)yn
=Aan—1 Yn +bn—1 (xn - Qn—lyn)
=ITn—1 =Yn—1

= ap—1Tp—1 + bn—lyn—h

and so on and so forth. Tracing back and back in the recursion, i.e. letting

Tp—1 = Yk,
Ye—1 = Tk — qk—-1Yk,

we get to the first equation, where we find
ged = agxg + boyo := ax + by,

and we have recovered the desired polynomials x,y. The subject is well explained in Graham,
Knuth, Patashnik, Concrete Mathematics or Louridakis, Real world algorithms, both referring



to the computation of the g.c.d. of integers (but the story is the same for polynomials). In
particular Louridakis claims (for integers, not for polynomials... have to check) that the depth
of the recursion is logarithmic in min{deg a, deg b}, so there’s no worry for stack overflows (there
shouldn’t be anyway even if it was linear, for the polynomials that a control engineer needs
never have such a large degree). Some Python code:

def ExtendedEuclid(a, b):
if len(b) == 1 and b[0] == 0.0: # the zero polynomial
return (a, [1.0], [0.0])

(g, r) = polydiv(a, b)
(d, %, y) = ExtendedEuclid(b, r)
return (d, y, polysub(x, polymul(q, y)) ) # (d, y, x - qy)

# for example:
print ( ExtendedEuclid([6., 5., 1.1, [2., 3., 1.1) )
# (array([ 4., 2.1), array([ 1.1), array([-1.1))

Exercise: please test the code, refactor a bit, rework it in such a way that it returns the unique
monic ged(a,b) and the corresponding z,y. With the reworked version, whenever a and b are
coprime, the algorithm should find « and y such that ax 4 by = 1.

0.3 Diophantine equations

0.3.1 Definition

Given three polynomials a, b, ¢ the equation
ar + by = c, (3)
in the unknowns z,y, is called a Diophantine equation, or sometimes a Bezout identity.

Theorem 0.3.1 The Diophantine equation (3) has a solution if and only if ged(a, b)|c.

Proof. Let ged(a,b) = g and suppose that g|c: then ¢ = g¢ for some polynomial ¢. The
extended Euclid’s algorithm allows to compute polynomials Z,  such that ax + by = g, but then
multiplying by ¢ we obtain a solution:

a- x¢ +b- yc = gé
SRR AN
T y ¢

Suppose, on the other hand, that g { ¢: however we choose = and y it still holds that glax + by,
hence there is no possibility that ax 4+ by and ¢ are the same polynomial. O

In particular, if a and b are coprime (ged(a,b) = 1), then (3) always admit a solution. However,
with or without coprimality, if a solution exists it is never unique. Indeed it is immediate to
check that if xg, yo is a particular solution, then for any polynomial h
xr = x9+ bh
B (4)
Yy =yo—ah

is also a solution.

This degree of freedom plays in our favor, because we need to keep the degree of both z and y
under control. For example, as an exercise you are invited to show that (4) implies that there



exists a solution with degy < dega.

Our typical situation in control applications will involve a,b coprime with dega = n, degb <
n — 1; they will be, respectively, the denominator and the numerator of the transfer function

W(z) = ZE?) of a plant:

e dega = n means that the transfer function can be realized with a state-space model of
dimension n. The realization is trivial in either reachability or observability canonical
form: assuming, with no loss of generality, that the polynomial a is monic, the coefficients
of a(z) end up in the last row/column of the companion matrix A, and the coefficients of
b(z) end up in B or C, depending on the canonical form being chosen;

e the fact that degb < dega means that the plant reacts with “at least one delay”, i.e. that
there is no direct connection between input and output (strictly proper transfer function <
no D in the state-space model; recall: the first sample of the impulse response is precisely

D);

e the fact that @ and b are coprime (no common factor, no “zero-pole cancellation” possible)
means that such n-dimensional state-space model is both reachable and observable.

The method in the next section shows that, if ¢ is an arbitrary polynomial with degc = 2n — 1,
then there exists also a solution z,y with degz =n—1,degy < n—1 (these will be respectively
the denominator and numerator of the transfer function of a controller).

0.4 Sylvester’s equation

The Diophantine equation can be solved in a straightforward way through a system of linear
equations involving a so-called Sylvester matrix. Since I cannot find a standard reference where
the matrix and the equation are written unambiguously, I will proceed by means of an example
where dega =n =3 and degb=n—1 = 2. Let

a(z) = asz® + asz? + a1z + ay,
b(z) = B22° + B1z + Bo,
x(2) = 292% + 112 + 0,
y(2) = y22* + 12 + Yo,

where a,b are known polynomials (a3 # 0 and Sy # 0), and z,y are unknown ones. We ask if
the Diophantine equation

ax +by=-c

admits solution for an arbitrary polynomial ¢ with degree 2n — 1 = 5. (c(2) = c52° + ca2* +
c32% 4 2% + 12 + ¢, where c5 # 0). We already know that, in general, a solution exists if and
only if a,b are coprime, but here we are asking something more: the degree of z and y should
be at most n —1 = 2. Indeed the solution exists and is unique. Let’s work out the computation:

(32® + agz® + a1z + ap)(z22® + 212 + 20) + (822 + B1z + Bo) (y22* + y12 + o)
= 52" +cazt + e32% + 022 + 12 + ¢p;
(a322)2” + (azz1 + azzs + Poyo)2* + (asmo + asx1 + araa + Boyr + Biy2)2®
+ (2wo + cnw1 + aoa + Bayo + By + Boy2)z” + (aazo + aom1 + Biyo + Boyr)z + (oo + Soyo)

= 0525 + C4Z4 + 03,23 + 0222 + c12 + cp;



equating the coefficients of corresponding powers of z in the second equation, we obtain

a3 0 0 0 0 0 xT9 Cy
Qo (a3 0 62 0 0 I Cq
ar ag a3z B B2 O To c3 (5)
ap a1 az|Bo B1 B Yo c2
0 a a1 |0 By B Y1 c1
L 0 0 ap| 0 0 Bo |y | | co |

Now, the problem az + by = ¢ admits a solution for arbitrary c if and only if the matrix in (5) is
nonsingular, i.e. if it has nonzero determinant. This is equivalent to the fact that a, b are coprime.

You are invited to check that ag # 0 implies x2 # 0, so that degxz = 2, and in particular if
a3 =1 and ¢5 = 1, i.e. if both a and ¢ are monic, then z is monic too.

Since a3 # 0, the matrix in (5) is nonsingular (check the determinant!) if and only if such is
nonsingular the following one, obtained deleting the first row and the first column:

a3 0 ,82 0 0

ag az [P B2 O

S=|ar a|Bo f1 B2 |- (6)
ap a1 | 0 By B
0 a9o| 0 0 pBy

This is called Sylvester matriz. More in general, we have the following
Theorem 0.4.1 Let

a(z) = ap2™ + ap_ 12"+ L+ aiz + ag,

b(2) = Bmz™ + Bm—12™" 4 ...+ iz + Bo;

then a,b are coprime if and only if det S # 0, where

79 Bm
Qp—1 : /Bm
S — Oln, Bo (7)
(o) Qn—1 Bo Bm
i o) Bo |

Pay attention: S in (7) is a (n +m) x (n + m) matrix; the left “a, ...ap part” of the matrix
has exactly m columns (the degree of b), and the right “B,, ... 5y part” has exactly n columns
(the degree of a). Compare with (6), where n =3 and m=n—1=2.

Proof. The polynomials a(z) and b(z) are not coprime if and only if they have at least a common
root:

a(z) = (z = 2)(an_12""1 + ... + a1z + &),
b(z) = (2 — 2) Brm_12™ L+ ... + B1z + Bo).



It follows that

(z = 2)(@n_12"" 4 ...+ a1z 4 @) Bm12™  + ...+ Brz + Bo)
=a(2)(Bm_12™ 14 ..+ Brz+ Bo) = b(2)(@n_12" .. 4 @z + ag),
a(2)(Bm_12™ "+ ..+ Brz+ Bo) = b(2)(an_12"t ...+ a1z + ag) = 0;

then, equating coefficients, we obtain

7%

Qp—1

e71]

for a suitable choice of non-zero coefficients B,,_1, ...

only if det S = 0.

Qp

Qn—1

@

B
: Bm

Bo :
Bo

Bm—l
Bo
—Qlp—1 =0
Bm —Qp—2
ﬁO 1L —x
. Bo, @n_1,...,00: this can happen if and

O



