2376

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 54, NO. 10, OCTOBER 2009

A Globally Convergent Matricial Algorithm
for Multivariate Spectral Estimation

Federico Ramponi, Augusto Ferrante, and Michele Pavon

Abstract—In this paper, we first describe a matricial Newton-
type algorithm designed to solve the multivariable spectrum
approximation problem. We then prove its global convergence.
Finally, we apply this approximation procedure to multivariate
spectral estimation, and test its effectiveness through simulation.
Simulation shows that, in the case of short observation records,
this method may provide a valid alternative to standard multi-
variable identification techniques such as MATLAB’s PEM and
MATLAB’s N4SID.

Index Terms—Convex optimization, global convergence,
Hellinger distance, matricial Newton algorithm, multivariable
spectrum approximation, spectral estimation.

1. INTRODUCTION

UTOREGRESSIVE moving average (ARMA) identifi-

cation methods usually lead to nonconvex optimization
problems for which global convergence is not guaranteed, cf.
e.g. [11], [33], [39], [40]. Although these algorithms are simple
and perform effectively, as observed in [40, p.103], [32, Section
1], no theoretically satisfactory approach to ARMA parameter
estimation appears to be available. Alternative, convex opti-
mization approaches have been recently proposed by Byrnes,
Georgiou, Lindquist and co-workers [3], [30] in the frame of
a broad research effort on analytic interpolation with degree
constraint, see [1], [2], [4]-[9], [13], [18]-[26], [28], [29] and
references therein. In particular, [9] describes a new setting for
spectral estimation. This so-called THREE algorithm appears to
allow for higher resolution in prescribed frequency bands and
to be particularly suitable in case of short observation records.
It effectively detects spectral lines and steep variations (see [36]
for a recent biomedical application). An outline of this method
is as follows. A given realization of a stochastic process (a finite
collection of data y; . ..y ) is fed to a suitably structured bank
of filters, and the steady-state covariance matrix of the resulting
output is estimated by statistical methods. Only zeroth-order
covariance lags of the output of the filters need to be estimated,
ensuring statistical robustness of the method. Finding now an
input process whose rational spectrum is compatible with the

Manuscript received February 21, 2008; revised September 29, 2008, De-
cember 16, 2008, and February 27, 2009. First published September 22, 2009;
current version published October 07, 2009. This work was supported in part
by the MIUR-PRIN Italian grant “Identification and Control of Industrial Sys-
tems.” Recommended by Associate Editor B. Ninness.

F. Ramponi is with the Automatic Control Laboratory, ETH Zurich, Zurich
8092, Switzerland (e-mail: rampo@control.ee.ethz.ch).

A. Ferrante is with the Dipartimento di Ingegneria dell’ Informazione, Uni-
versita di Padova, Padova 35131, Italy (e-mail: augusto@dei.unipd.it)

M. Pavon is with the Dipartimento di Matematica Pura ed Applicata, Univer-
sita di Padova, Padova 35131, Italy (e-mail: pavon@math.unipd.it).

Digital Object Identifier 10.1109/TAC.2009.2028977

estimated covariance poses naturally a Nevanlinna—Pick in-
terpolation problem with bounded degree. The solution of this
interpolation problem is considered as a mean of estimating the
spectrum. A particular case described in the paper is the max-
imum differential entropy spectrum estimate, which amounts
to the so-called central solution in the Nevanlinna—Pick theory.
More generally, the scheme allows for a non constant a priori
estimate W of the spectrum. The Byrnes—Georgiou—Lindquist
school has shown how this and other important problems of con-
trol theory may be advantageously cast in the frame of convex
optimization. These problems admit a finite dimensional dual
(multipliers are matrices!) that can be shown to be solvable.
The latter result, due to Byrnes and Lindquist [8] (see also
[16]) is, however, nontrivial since the optimization occurs on
an open, unbounded set of Hermitian matrices. The numerical
solution of the dual problem is also challenging [9], [13], [35],
since the gradient of the dual functional tends to infinity at the
boundary of the feasible set. Finally, reparametrization of the
problem may lead to loss of global concavity, see the discussion
in [28, Section VII].

This paper adds to this effort in that we consider estimation
of a multivariate spectral density in the spirit of THREE [9], but
employing a different metric for the optimization part, namely
the Hellinger distance as in [17]. In papers [6], [7], Byrnes,
Gusev, and Lindquist chose the Kullback—Leibler divergence as
afrequency weighted entropy measure, thus introducing a broad
generalization of Burg’s maximum entropy method. More re-
cently, this motivation was supported by the well-known con-
nection with prediction error methods, see e.g. [32], [41]. In
the multivariable case, a Kullback—Leibler pseudodistance may
also be readily defined [24] inspired by the von Neumann’s rel-
ative entropy [43], [44] of statistical quantum mechanics. The
resulting spectrum approximation problem, however, leads to
computable solutions of bounded McMillan degree only in the
case when the prior spectral density is the identity matrix [17],
[24] (maximum entropy solution). On the contrary, with a suit-
able extension of the scalar Hellinger distance introduced in
[17], the Hellinger approximation generalizes nicely to the mul-
tivariable case for any prior estimate ¥ of the spectrum.

The main contributions of this paper, after some background
material in Sections II-1V, are found in Sections V-VIII. In Sec-
tion V, we establish strong convexity and smoothness of the dual
functional on a certain domain of Hermitian matrices. In Sec-
tion VI, we analyze in detail a variant of a Newton-type matri-
cial iteration designed to numerically solve the dual of the mul-
tivariable spectrum approximation problem. It had originally
been sketched in [17]. The computational burden is dramati-
cally reduced by systematically resorting to solutions of Lya-
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punov and Riccati equations thanks to various nontrivial results
of spectral factorization. We then show in Section VII that the
algorithm is globally convergent. Finally, in Section VIII, we
present guidelines for its application to multivariate spectral es-
timation and present some simulations comparing to existing
methods. Simulation in the multivariable case shows that, at
the price of some moderate extra complexity in the model, our
method may perform much better than MATLAB’s PEM and
MATLAB’s N4SID in the case of a short observation record.

II. CONSTRAINED SPECTRUM APPROXIMATION

Paper [18] introduces and solves the following moment
problem: Given a bank of filters described by an input-to-state
stable transfer function G(z) = (2I — A)~'B and a state
covariance matrix X, give necessary and sufficient conditions
for the existence of input spectra ®(e/”) such that the steady
state output has variance ¥, that is

/G(I)G* _y )

Moreover, parametrize the set of all such spectra (here, and in
the sequel, integration takes place on the unit circle T with re-
spect to the normalized Lebesgue measure di}/27). Throughout
this paper we use the following notations: A* = AT for ma-
trices and G* = G*(z) = GT(z7!) for spectra and transfer
functions. The scalar product between square matrices is de-
fined as (4, B) = trAB*. Let S = ST"*™(T) be the family
of C"*" -valued functions defined on the unit circle which are
Hermitian, positive-definite, bounded and coercive. We have the
following existence result [18]: There exists ® € S satisfying
(1) if and only if there exists H € C™*™ such that

¥ — A¥YA* = BH + H*B*. 2)

Paper [28] deals with the following (scalar) spectrum approxi-
mation problem: When constraint (1) is feasible, find the spec-
trum ¢ which minimizes the Kullback—Leibler pseudo-distance

\VJ
drr (¥, ®) = /‘I’loga 3)

from an “a priori” spectrum W, subject to the constraint (1). It
turns out that, if the prior V¥ is rational, the solution is also ra-
tional, and with degree that can be bounded in terms of the de-
grees of G(z) and V. This problem again admits the maximum
differential entropy spectrum (compatible with the constraint) as
a particular case (¥ (e’?) = 1). The above minimization poses
naturally a variational problem, which can be solved using La-
grange theory. Its dual problem admits a maximum and can be
solved exploiting numerical algorithms. In [15] we restated and
solved a similar variational problem with respect to a different
metric, namely the Hellinger distance

dg (U, ®) = /(N —V®)2. “4)

Equation (4) defines a bona fide distance, well-known in mathe-
matical statistics. The main advantage of this approach to spec-
tral approximation is that it easily generalizes to the multivari-
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able case, whereas log-like functionals do not enjoy this prop-
erty [1], [17], [22], [24].

III. FEASIBILITY AND THE OPERATOR I'

In this section, we discuss in depth the feasibility of (1). Fol-
lowing [28] and [17], let H(n) = {M € C"™" : M =
M*}, let C(T;H(m)) be the space of H(m)-valued contin-
uous functions defined on the unit circle, and let the operator
I': C(T;H(m)) — H(n) be defined as follows:

I(®) := /G(I)G*. 5)

We are interested in the range of the operator I' which, having
to deal with Hermitian matrices, we consider as a vector space
over the reals.

Proposition 3.1: The following facts hold:

1) Let ¥ = ¥* > 0. The following are equivalent:

 There exists H € C™*™ such that identity (2) holds.

¢ There exists ® € S} (T) such that [ GOG* = X.

* There exists ® € C(T;H(m)), ® > 0such that I'(®) =

3.
2) LetY = X* (not necessarily positive definite). There exists

H € C™*"™ such that identity (2) holds if and only if

Y € RangeI'.

3) X € Range I't if and only if G*(e?) X G(e”) = 0V €

[0, 27].

Proof: As stated above, it was proved in [18] that there
exists H € C™*" such that identity (2) holds with Hermitian
and positive definite ¥ if and only if ¥ = [ G®G* for some
P c STX’”('[F), ® > 0. A similar result, albeit with a different
algebraic formulation of the feasibility condition, was proved
in [17, Proposition 2.1]. The proof of Fact 1 is straightforward
once we note that the “if” part of the proof of [17, Proposition
2.1] is constructive, and exhibits a continuous spectrum. Hence,
the fact that there exists a spectrum @ such that ¥ = [ G®G*
is equivalent to there exists a continuous spectrum such that the
same holds.

As for the second assertion, let 3 € Range I'. Then there
exists & € C(T;H(m)) such that

S = /Gbe* = /G((I)+ —®_)G*
= /G(I)+G* - /G@,G* =Y, -3

where @ and ®_ are two spectra such that &, —®_ = & (they
can be chosen to be bounded away from zero) and where >, and
Y_ are symmetric positive definite. Hence ¥ is a difference of
positive matrices for which (2) holds. This establishes (2) for X
itself. Vice versa, suppose that (2) holds for an Hermitian 3. Let
Y be the unique solution of the following Lyapunov equation:

Sa — ASoA* = B(aB*) + (aB*)*B* = 2aBB*

where « € R. Then X, depends linearly upon a, i.e. ¥, =
aX1, where X1 > 0 since (A, B) is reachable. Thus, there exists
an « such that X, > 0and X, > . Let ¥_ = X, — X. Then
Y._ > 0, and since (2) holds for ¥ and X, it also holds for > _.
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Then assertion 1 implies that there exist &, > 0 and 5 > 0 in
C(T;H(m)) such that £, = [ GP,G* and T_ = [ GP,G*,
hence ¥ = [ G(®, — ®2)G* and assertion 2 follows.

The third assertion is a simple geometrical fact: If
X € Range I't, then for any ® € C(T; H(m))

0= <X,/G<I>G*> :trX/G(I)G* :tr/(G*XG)(I)

and the conclusion follows. (|

Remark 3.2: The underlying statement in Proposition 3.1,
Facts 1 and 2, is that if we defined I" over the vector space of
finite linear combinations of functions in S7"*"™ (T), its range
would remain the same.

Remark 3.3: Proposition 3.1 shows that Range I is the set
of all the Hermitian matrices % for which there exists H such
that (2) holds. This fact will be useful in numerical computa-
tions. Indeed, Range I is obviously finite-dimensional, and if
{H,,...,Hn}isabase of C™*", then the corresponding solu-
tions {1, ..., XN} of (2), considered as a discrete-time Lya-
punov equation in the unknown X, generate Range I'. Note that
{¥1,..., XN} are not necessarily linearly independent.

IV. MULTIVARIABLE SPECTRUM APPROXIMATION
IN THE HELLINGER DISTANCE

Let the function dy : ST"™(T) x SI"*™(T) — R* be
defined as follows:

dg(V,®)? := inf tr/(W\p — Wa)(Wy — Wg)*

W, We
WeWg =¥, WeWg =90

Wy and W of dimension m X m 6)

s. t.

that is, dg (¥, @) is the L? distance between the sets of square
spectral factors of the two spectra. It was shown in [17] that the
infimum in (6) is actually a minimum and that d g is a bona fide
distance between spectral densities, and reduces to the ordinary
Hellinger distance in the scalar case. It was also shown there
that the minimum in (6) is the same if we fix a square spectral
factor Wy of ¥, and then minimize over the spectral factors of
d

(U, ®)? = mV[i/ntr/(W\y C WY (W — W

s.t. WW*=a. (7

The multivariable spectrum approximation problem addressed
in [17] is the following. Let G(z) = (zI — A)~' B, where A is
stable, B has full rank and (A, B) is reachable. Given ¥ € S,
find

argglelgdH(\I/,q)) s. t. /G@G =X 8)

Since ¥ > 0, applying the following change of base to G(z):
A=x"12451/2

B=xy"12B

2)=(2I — A)"'B =2712G(z)

G(
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itis easy to see that there is no loss of generality in taking ¥ = 1.
Thus, once a factor Wy of W is fixed, (8) reduces to

argr%[irntr/(Wq, - WHY(Wy — W)*
s. t. /GWW*G* =1 )

which is an L2 constrained minimization.
Remark4.1: In[17, Theorem 6.1], it was shown that the min-
imizer in (7) is explicitly given by
Wq) — (1)1/2[@1/2\1,(1)1/2]—1/2(1)1/214/\1/. (10)
Nevertheless, to solve the approximation problem (9), we do not
need to employ (10) (see below).

A. Variational Analysis

Now let us assume that the problem is feasible, i.e., condition
(2) holds. To solve (9), form the Lagrangian

LOV.A) =t [(Wa = W)(Wa —W)*
+ <A, / GWW*G* — 1> (11)

where A € H(n). Since [ GWW*G* € Range T' by con-
struction, and I € Range I' by the feasibility assumption, it is
natural, though not strictly necessary, to restrict a priori the La-
grange parameter A to Range I' (a A € Range I't would not
play any role in the above Lagrangian).

We proceed with unconstrained minimization of (11). The
functional (11) is convex and differentiable in W. Thus, to find
the unique minimizing solution we impose that the first variation
of (11)is zero in each direction §W . We easily find the following
condition for W (see [17] for the details):

W —Wg + G*AGW = 0.

To carry on with the computations, and to ensure that the re-
sulting optimum spectrum is integrable over the unit circle, we
require a posteriori that A belongs to the following set:

£? ={AeH(n),I+GAG>0Ve" €T}  (12)
thatis, A € £H where
Efl = RangeFﬂﬁH. (13)

If this is the case, the optimal spectral factor and the corre-
sponding optimal spectral density are easily found to be

W= +G*AG) "Wy
b= +GAQ) "I + G*AG) . (14)
Remark 4.2: Observe that, when U is rational, (14) yields a
rational spectrum with McMillan degree that can be bounded.
The same applies to scalar spectrum approximation problem in
the Kullback-Leibler type distance (3), where the degree of the
optimal approximant is actually lower [28]. In the multivariable
case, however, the Kullback-Leibler solution is computable and
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of bounded McMillan degree only when ¥ = I (maximum
entropy solution), see [22, Theorem 1], [24, Section 4].

Consider now the issue of existence of a matrix A € LZ such
that

/G(I +G*AG) (T + G*AG)'G* =T  (15)

that is, such that the corresponding optimal spectrum satisfies
the constraint (1). A key result of [17, Theorem 7.7], inspired
by a fundamental result of Byrnes and Lindquist [8], states that
such a A indeed exists and is unique, therefore establishing that
for such A (14) is the solution to problem (9).

Remark 4.3: Identity (15) is attained at A = 0 if and only if
W itself satisfies the constraint (1). The “only if” part is trivial.
As for the “if” part, let [ GUG* = I. Then substituting A = 0
into (14) we obtain the spectrum ® = W, which has the least
possible distance dgy = 0 from ¥ and hence is automatically
optimal, and trivially satisfies (15). The assertion follows from
the uniqueness of A.

In order to find the optimal A, we form the dual functional
(see [17])

La(A) = L(W,A) = tr/ (U — (I +G*AG)™'W) — trA.

(16)
Notice that L4(A) is finite on £¥ . Recall that the dual of a La-
grangian functional is always concave and that a finite convex
(or concave) function defined on a finite dimensional space is
continuous on the interior of its domain (see [31] or [37]). In-
stead of maximizing (16), we consider the equivalent problem
of minimizing the following functional:

Jo(A) = —La(A) + tr /qz i /(1 +GTAG) M + trA.

' ' (17)
The minimization of the convex and continuous functional Jg
over LI is the main subject of this paper. The following sec-
tions are dedicated to prove strict convexity and smoothness of
Jw, to describe a Newton-type algorithm for its numerical mini-
mization, and to prove the global convergence of that algorithm.
An application to spectral estimation and some numerical sim-
ulations follow.

V. PROPERTIES OF THE FUNCTIONAL .Jg

In this section, we establish various properties of the func-
tional Jg on E# . We begin by recalling a few basic definitions
and facts from multivariate analysis. A function f : S ¢ RN —
RM is (Fréchet) differentiable on the open set S if forall - € S
there exists a linear map L, : R — R such that

G B) — f@) = Ll

0.
h—0 172

A function f is said to be C°(S) if it is continuous on S. Also,
f is said to be C'*(9) if it is differentiable at each =z € S and if
the operator D f defined by

Df(z):= L,

is C°(S). Now the derivative Df : S — L(RY,RM) ~ RMN
is itself a function between finite-dimensional spaces. If D f is
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C1(9), then f is said to be C?(S). Proceeding in this way, the
C*differentiability of f can be defined. Finally, f is said to
be of class C°°(9) if it is C*(S) for all Kk € N. A standard
result in analysis states that f € C(S) if and only if the partial
derivatives 9 f,, /Ox,, (where f,, is the m-th component of f)
exist and are continuous on S (see for instance [38, Theorem
9.21]). It follows that f € C*(S) if and only if f has in S
continuous partial derivatives of any order up to k, that is:

8h fm

0%y, - - Oy,

€ C%(9)

forall m,n;,hst.1<m<M,1<n; <N,and0 < h <k.

In our setting, where Jg : L{fl C Range I' — R, the role
of the above partial derivatives is played by the directional (or
Gdteaux) derivatives

6" Ty (A;6A,,, ..., 00,,,)

where 1 < n; < dand {6A1,...,6A4} is a fixed orthonormal
base of Range T. A fortiori, if we show that .Jg has on £H
continuous directional derivatives of any order up to &, taken in
whatever directions {6Aq,...,6A;} C Range T, then we can
say that Jy € C*(LH).

Lemma 5.1: Let H € H(n) and m be its minimum eigen-
value. The map H — m is continuous.

Proof: The map from a matrix H to the vector of coeffi-
cients of its characteristic polynomial a(s) = det(s] — H) =
ag + ...+ ap_15""' + s™ is continuous. Indeed, each of the
coefficients of a(s) is obtained by means of sums and products
of elements of H. Moreover, it is a well-known fact (see for ex-
ample [34]) that the mapping from the coefficients of a monic
polynomial to its roots is continuous, in the following sense:
Given a(s) = s™ 4+ Y1 a;s’, let \; be the zeros of a(s) and
v; the respective multiplicities. For all € > 0, there exists 6 > 0
such that if b(s) = s™ + Z::OI bis' and |b; — a;| < & for all
1=0,1,...,n—1, then b(s) has v; zeros in the ball centered in
A; with radius €. In conclusion, if H is Hermitian, the mapping
from H to its minimum (real) eigenvalue is continuous. O

Lemma 5.2: Define Qx(z) = I + G*(2)AG(z). Consider a
sequence A,, € L converging to A € LF . Then Q" are well
defined and continuous on T and converge uniformly to QKI on
T.

Proof: Observe that, for A € L‘fl , QA is a positive
definite, continuous matrix function on T. By Lemma 5.1,
there exists a continuous function mx(e’) > 0 such that
Qa () > ma(e/?)I for each 9. Hence, Qa (e/?) > mp T, V4,
where ma := mingmy(el?) > 0. Let A € B(0,¢), the
closed ball of radius e centered in 0. Now

|G*(e”)5AG(e)|| < I5A]Me < eMg
where
Mg = max | G*(e)]| [ G(e?)]|.

Thus, if we choose ¢ < m /Mg, then ||G* (e )5AG(el?)|| <
ma. Hence, I + G*(A + 6A)G describes, as (6A,¥) varies
in B(0,e) x [—m, ], a compact set that does not contain any
singular matrix. Now recall that the matrix inversion operator
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is continuous at any nonsingular matrix. Hence, Qs (e/”)
admits a uniform bound M (A, ¢€) on B(0,¢e) x [—m,x]. Since
A, — A, for n sufficiently large, (A,, — A) € B(0,¢). Then

sup @3, = Qx| = sup Q3 [ (A - MGl QY|
< M?sup ||G*(A — AL)G|
9
< M?*cMg.

This implies that QXi — Qxl uniformly on T. O
Theorem 5.3: Consider Jy : LH C Range I' — R. Then
1) Jg € C=(LH).
2) Jy is strictly convex on £H.
Proof: LetT : A+ A~ be the matrix inversion operator.
Making use of
ST(A;6A) = —A 16AAL (18)
the first variation of .Jg (A) in an arbitrary direction 6 A4 is found
to be

6Jg(A; 6A1) = —tr/QXlG*éAlGQX1W+tr6A1
= <I—/GQK11DQX1G*7 5A1>. (19)

The linear functional VJy A(-) := §Jg(A;-) defined by (19)
is the gradient of Jy at A. To prove that Jg € CY(LH) we
must show that, for any fixed 6A1, §J¢ (A; 6A1) is continuous
in the variable A (it follows that V.Jg A(+) is also continuous in
A). Consider a sequence M,, € Range I' converging to 0. By
Lemma 5.2, QLI- a7, converge uniformly to Q7" Recall that
U is bounded. Applying elementwise the bounded convergence
theorem, we get

Lim / Qrin, GHOMGQTL,, U= / QVIG*ONGQLMY.
Hence, for all éA; € Range I, §Jy(A; §A1) is continuous, i.e.
Jy € C'(LE). The second variation of Jy, say in direction
0, is easily obtained applying (18) and the chain rule to (19)

6% Ty (A; 6A1, 6A2)
= tr/W\}'ZQKIG*6A2GQX1G*6A10QX1W\I,

+tr/W;Q;lG*éAlGleG*éAzGQTW@.(20)

The bilinear form H, (-, ) := §2Jg (A; -, -) is the Hessian of Jg
at A. Again, continuity of 62.Jg (A; §A1, 6A5) can be established
by the previous argument in view of Lemma 5.2. Similarly, it
can be shown that Jg has continuous directional derivatives of
any order. Thus Jy € C*(LH) for any k, and the first assertion
follows. Finally, we show that Jy is strictly convex on LH. A
standard result in the theory of convex functions states that if a
function f : S C RY — Ris C2(S) (where S is open), then f is
strictly convex on S if and only if its Hessian H, is positive def-
inite at each © € S. Consider Hx (6A,6A) = §2Jg¢(A; 6A, 6A)
for A € Range I' \ {0}. Since the integrand in (20) is posi-
tive semidefinite, it follows that HA(6A,6A) > 0. In view of
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Point 3 in Proposition 3.1, the integrand is not identically zero
and Hx(6A,6A) > 0. It follows that Jy is strictly convex. O

Loosely speaking, [17] establishes existence of the min-
imum by showing that Jg is bounded from below and that
Jy(A) — 400 whenever ||A|| — +o0 or A approaches ILE,
the boundary of LF. Since the minimum point cannot reside
at infinity or at the boundary, we can then restrict the mini-
mization problem to a sublevel set of .Jy. It follows from the
continuity of Jy that such a set is compact, and the existence
result follows from Weierstrass® theorem. Since Jy is strictly
convex, the minimum point is unigue.

VI. A MATRICIAL NEWTON ALGORITHM

A. Description of the Iterative Method

The Newton algorithm is an iterative procedure for the search
of roots of a function or the minimization of a functional. With
respect to the latter objective, it can be formulated as follows.
Let f : S — R be a functional defined over S C R"™. In order
to find an estimate = of a minimum point z* of f,

1) Make an initial guess x, possibly near the minimum point.

2) At each iteration, compute the Newton step

Az;=—-H;'Vf, (21)

where H,, is the Hessian of f atz; and V f., is the gradient
of f at z; (understood as a column vector).

3) Sett? = 1, and let t*** = t¥ /2 until both of the following
conditions hold:

T; + tqkAiL} es
f(zi +tFAz) < f(z) + atbV ] Az,

(22)
(23)

where « is a real constant, 0 < « < 1/2.
4) Set Tit1 = Z; + thLL’Z
5) Repeat steps 2, 3 and 4 until |V f,,| < e, where ¢ is a
(small) tolerance threshold, then set © = x;.
In its “pure” form, the iteration of the Newton algorithm only
consists in step 2, which is indeed its essential part. Step 3 is the
so-called backtracking procedure.

For small ¢, if f is sufficiently regular, we
have f(z; + tAz;)) =~  f(z;) + tVf, Az;. Since
Vil Az, = =V f]l H-'V f, < 0, condition (23) must hold
for small ¢, hence step 3 must terminate at some iteration. Since
V[, Az; < 0,(23) implies f(z; + t¥Az;) < f(=;). That is,
{f(z;)} is a strictly decreasing sequence.

In essence, the “pure” Newton algorithm works very well
when the starting point happens to be near the minimum and the
function f is there effectively approximated by a quadratic form,
but it can suffer from numerical problems when this is not the
case. The backtracking line search is a remedy to this drawback;
moreover it can be shown that, under certain regularity assump-
tions on f, which hold in our case (see Section VII), after a finite
number of iterations step 3 always selects the multiplier ¢ = 1,
that is, the full step. During the latter stage, the convergence to
the minimizing solution is quadratic, meaning that there exists
a constant C' such that ||x;11 —z*|| < C||z; —2*||*. This rate of
convergence makes the Newton algorithm often preferable over
other minimization methods (see [10]). We must minimize the

Authorized licensed use limited to: ETH BIBLIOTHEK ZURICH. Downloaded on October 10, 2009 at 16:49 from IEEE Xplore. Restrictions apply.



RAMPONI et al.: GLOBALLY CONVERGENT MATRICIAL ALGORITHM

functional Jg (A) over the set L. As initial condition, we can
safely choose 0. Hence, set
Ao = 0. (24)
It turns out that, although the problem is finite-dimensional, the
inversion of the Hessian is more demanding than inverting a
matrix. In order to compute the Newton step AA;, we must solve
at A; the following linear equation:
Hy (AN, ) = =VJy s, () (25)
where, once fixed A;, VJg a,(-) and Hy, (-, -) must be under-
stood as a linear and a bilinear form, defined by (19) and (20), re-

spectively. Comparing with the above definitions, (25) reduces
to

[ail{(e (anocartnHe (an)eerty) |erier
= / GQLUQYIG — 1. (26)

In principle, (26) is not difficult to solve. We suggest the fol-
lowing procedure:

e At the beginning of the procedure, take a base
{Hy,...,H,...,Hy} of C™*™1Then compute the
solutions {¥i,...,Xk,...,Xn} of the following dis-
crete-time Lyapunov equations:

Yy — AYXp A* = BHy, + H.B*.

As shown before, these solutions generate Range I'.
* To compute AA; at each step,
1) Compute the integral

Y = / GQLVQIGr - I (27)

2) For each X in the precomputed generators, compute
the following integral:

Yk:/GQ;}[(G*szQ;}\y)+(G*2kGQ;qu)*]Q;jG*.

(28)

3) Solve, by means of linear algebraic methods (the
Moore-Penrose pseudoinverse), the equation

Z apYy =Y.
k

4) By linearity, the solution to (26) is

(29)

AA; = ZakEk. (30)
k

It is clear that the real difficulty here is the computation of the
integrals (27) and (28). This task requires extensive use of the
following results of linear stochastic systems theory.

Actually, it suffices to take the { H},} to be a base of C™*™ & Ker R, where
the map R is defined by

R:Hw— BH+ H*B".
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Lemma 6.1: Let A be a stability matrix and W (z) = C (21 —
A)7!B + D a minimal realization of a spectral factor of ®(z).
Let II be the unique solution to the Lyapunov equation

Il = AIIA* + BB*. (31
Then the following hold:

D [T ®(el?)(d¥/2r) = CLIC* + DD*.

2) Z(z) = C(21 — A)~Y(ALIC* + BD*)+(1/2)(CIIC* +
DDx) is a realization of the causal part of ®(z); that is,
Z(z) is analytic outside the unit circle and ®(z) = Z(z) +
Z*(z).

Lemma 6.2: Let Z(z) = C(zI — A)71G + (1/2)H be a

minimal realization of the causal part of a spectrum ®(z). Let

P_ be the stabilizing solution of the following Algebraic Riccati
Equation (ARE):

P = APA* + (G — APC*)(H — CPC*)"Y(G* — CPA").
(32)

Let moreover D = (H — CP_C*)/? and B = (G —
AP_C*)D7'. Then W(z) = C(2I — A)7'B + D is the
minimum phase spectral factor of ®(z); that is, W(z) is stable
and with stable causal inverse, and ®(z) = W (z)W*(z).
Lemma 6.3: Let F(z) = C(2I — A)™'B + D be a square
transfer function, where D is invertible. Then
F~'(z) = =D7'C (21 = (A= BD™'C)) "' BD™' + D!
(33)
is a realization of its inverse.
Lemma 6.4: For all matrices P = P* € C"*"™ the following
identity holds:
A*PA—P A*PB
*( =17 _ x\—1
[B* (=11 — A7) 1][ ra- B*PB}X
_ A4)-1
[(ZI A B} —0. (34)

Lemma 6.5: Let A be a stability matrix and H(z) = C(z] —
A)~'B + D be a minimal realization. Let P be the solution of
the Lyapunov equation

P=A"PA+C*C. (35)

Let [[J(] be an ortho-normal basis of ker[A* PY/2 C*], i.e.
K K
[A*Pl/? C*]{J} =0, [K* J*][J} =I1. (36

Let G := P~1/2K and
Hy(z) := (D*C+B*PA)(z2I-A)"'G+B*PG+D*J. (37)

Then, H*(2)H(z) = Hy(2)H;(2).

Lemmas 6.1, 6.2 and 6.3 are standard results (see for example
[14]). The proofs of Lemmas 6.4 and 6.5 can be found in [12,
Appendix A] and [17, Appendix A], respectively.

Remark 6.6: Lemma 6.5 not only gives us a tool to compute a
left factor from a right factor of a given spectrum. It also works
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in the opposite direction. Indeed, let W(z) = C(21 — A)~'B+
D be a minimal realization, and let { = z~!. Then

O(2) =W(2)W*(2)

= (C(zI —= A)™'B + D)

x (BT( —II_AT)—ICT+DT)
(BT(¢ = AT) T + D7) "
x (BT(¢(I-AT)tcT +DT)
(BT(¢I-AT)'¢T+ D7)
x(BT(CI AT)y'¢T+ D)
= H"(Q)H(Q)-

Applying Lemma 6.5 we can find an Hy(¢) = H(¢I —
F)™'G + K such that H*()H(¢) = H1(¢)H;(¢). Now
turning back to z

Hy(Q)H{(Q) = (H((I - F)'G + K)

% (GT(C—1I_FT)—1HT +KT)
= (G T=FT) " HT + KT)"
X (GT(zI-F")'H" +K")
=(GTI-F)'H +K")"

x (GT(zI-F")'HT +KT)
=W (z)Wi(z) = ®(z).

B. Factorization of Q' (2)

The first problem to solve is to obtain a spectral factor of
Q7' (2), where Q4 (2) = (I + G*(2)AG(2)). To this end, note
that

| | i
(38)

Applying lemma 6.4, we can rewrite (38) as

Qu(2) = [B*(z' T — A)" 1]
APA-PA APB J[GI-ATB]
B*PA B*PB + 1 I - (9

Now, the following linear matrix inequality:

-]

N*
(40)
is solvable for P = P* > 0 if and only if such is the following
ARE:

A*PB

A*PA—-P+A
B*PB+1

B*PA

P=A*PA— A*PB(B*PB+I1)"'B*PA+A.  (41)
The stabilizing solution P of (41) gives a realization for the
square, minimum phase co-analytic spectral factor of Q(z). We
have

N =N*=(B*PB+1)'/?
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M =(B*PB+1)"'2B*PA
2l — A)lB}
I
=(B*PB+1)"'/?B*PA(zI — A)~!
+ (B*PB +1)'/?

Av(z) =M N] [(

Qa(z) = AL(2)An(2) (42)
and finally Q1'(z) = AL'(2)A1*(z) where, by means of
lemma 6.3

A (z) = —(B*PB+I1)"'B*PA(zxI -T)™'B

x (B*PB+1)"Y? 4 (B*PB + I)/?

I'=A— B(B*PB+1) 'B*PA. (43)

C. Computation of the Integrals in (27) and (28)

By virtue of Lemma 6.5 and Remark 6.6, we can switch from
a right factorization of a spectrum (® = H*H) to a left factor-
ization (& = WW™), and vice versa. We will now show that
both (27) and (28) can be reduced to integrals of the form

/ G(2)AT! (2)B(2)AT"(2)G" (=) (44)

where ®(z) is a spectrum. Indeed,

A *(2)W(2)AL (2). Then

let (I)q/(z) =

G(2)Q1 ' (2)¥(2)QL " ()G (2)

=/G(Z)AXI(Z)(AX*(Z)\P(Z)AXI(Z))AX*(Z)G*(Z) (45)
which has the form (44) with & = ®y. Applying Lemma 6.5

we obtain a (left) spectral factor of ®y(2)

Dy (z) = A3 (2) (Wa(2)Wi(2)) AT (2)
= A‘*(Z) (Hy(2)Hu(2)) AL (2)
= (He(2)A,'(2))" (He(2)A1"(2))
= Wi(z) Wy (2). (46)

Finally, (45) can be computed obtaining a realization of

G(2)Ay'(2)Wi(z) and applying Lemma 6.1. Now, let

x(z) = AL (2)G*(2)2G(2) AL (2), where ¥ is one of the

precomputed generators of Range I'. Then

/GQ;l [(¢"3GQ31w) + (636" )| r'er
= /GA;lA;* [(G*SGATTALY)

+ (VAT'AT*GTEG)]

= /GA;l [(AY*G*SGAT AT UALY)

+ (A UAAFGEGA ] ARG
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_ / GATL [(@x; + Dy)(@s: + Buy)
— BBy — Pybs] ATTGH
= /GAKI (@5 + Pg)(Ps + Py)] AL*G*

- /GAXI[@\I,Q)\I,]AX*G*

— /GAXl[tbgcbg]AX*G* 47)

which is a difference of integrals of the form (44). To compute
(47), we must obtain (left) spectral factors of @y ®F,, Py P53, and
(Pg+ Py )(Px + Py)*. Suppose, first, that X > 0. For the first
spectrum we have
G0y =W, (WWh) W =W, (H H) W
=(W1H,)(W1Hy)". (48)
For the second, we have
By, = (AX*G*EVZ) (21/2GAX1) = HLHs, = We W3,
G505, =Wy (WeWs) W = Wy (KsK5) Wes
= (W Ks)(WxsKx)*.
And for the third

(Pg + Og)(Ps + Py)”
=(Zs+ ZE+ 21+ Z7) (Zs + Z& + Z1 + Z7)*
=((Zs+ Z0)+(Zs + Z21)")(Zs + Z1)+(Zs + Z1)")"
= (Zis + Z1x) (Z1s + Z75)"
= Wiz (WigWis) Wiy
= Wis (HisHix) Wis
= WisHs)(WisHix)*

(49)

(50)

where 7 is the causal part of Oy, 715 = 77 4+ Zx, Win is
a left factor of the spectrum Z15 + Z{y,, Hix is a left factor
of the spectrum Wi Wix, and where we used Lemma 6.1 to
obtain the causal part of @y, and @ from their spectral factors,
and Lemma 6.2 to obtain the minimum phase spectral factor of
the sum @5+ g from its causal part. Thus, if X > 0, we really
have all the tools to compute integral (47).

Now, X is not necessarily positive definite, but if —\ < 0 is
the minimum between the eigenvalues of all the generators >,
then X + (A + 1) is positive definite. Thus, in the general case,
by linearity (47) can be reduced to

/ GAL' [Psdy + Oy Ps]AT* G

= /GAX1 [Pst(a+1)1—(at1)1Pw
+PuPsy oty 1—(at1)1) AL G
= /GAX1 [Psr011)1Pw + PoPsyainyr] Ay G*

-(A+1) /GA;I[@% + &g @A G (51
which is a difference of integrals with the same structure of
(47), and that are computable with the above tools (obviously
J GAXI[@I Oy + Py O7]AL*G* needs to be computed only
once). This enables us to solve (25).
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D. Computations in the Backtracking Step
The backtracking stage involves similar, though easier, com-
putations. We must check the following conditions:
A +tE AN, e H
Jy (AZ + t,?AAi) < Jq;(Ai) + OlthJq;AiAAi.

(52)
(53)

Checking (52) is really a matter of checking whether we can
factorize I + G*(A; + tF AA;)G. Thus t¥ must be halved until
the ARE (41) is solvable having A = A; + thAi.

Finally, to check (53), we need to compute .Ji. This can be
done in a way similar to the above computations

Ju(A) :tr/(I+ G*AG)™MW + trA
:tr/AXIAX*W\pWCf,—I—trA
:tr/ AT (WeW3) ALY + trA
:tr/A;* (HyHy) ALY+ trA
= tr / (Hy ARY)" (HeAR') + trA

=tr / WW* + trA. (54)

VII. PROOF OF GLOBAL CONVERGENCE

Given that the minimum of Jy exists and is unique, we in-
vestigate global convergence of our Newton algorithm. First, we
recall the following

Definition: A function f(xz) twice differentiable in a set S is
said to be strongly convex in S if there exists a constant m > 0
such that H(z) > ml for z € S, where H(x) is the Hessian of
f atz.

We restrict our analysis to a sublevel set of Jy. Let Ag = 0.
The set

S = {A € LE: Jy(A) < Ju(Ao) :tr/\Il} (55)

is compact (as it was shown in [17, Section VII]). Be-
cause of the backtracking in the algorithm, the sequence
Ju(Ao), Ju(A1),. .. is decreasing. Thus A, € S,Vn > 0.
We now wish to apply a theorem in [10, 9.5.3, p. 488] on
convergence of the Newton algorithm with backtraking for
strongly convex functions on R™. This theorem ensures linear
decrease for a finite number of steps, and quadratic convergence
to the minimum after the linear stage, thus establishing global
convergence of the Newton algorithm with backtracking. We
proceed to establish first strong convexity of Jg on S. To do
that, we employ the following result.

Lemma 7.1: Let f(x) be defined over an open convex subset
D of afinite-dimensional linear space V. Assume that f is twice
continuously differentiable and strictly convex on D. Then f is
strongly convex on any compact set S C D.

Proof: First, recall that since f is twice continuously dif-
ferentiable and strictly convex, its Hessian H, is an Hermitian
positive definite matrix at each point z. By Lemma 5.1, the map-
ping from H to its minimum (real) eigenvalue is continuous. It
follows that the mapping from z to the minimum eigenvalue of
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the Hessian of f at z is also continuous, being a composition
of continuous functions. Hence the latter admits a minimum m
in the compact set S by Weierstrass’ theorem. Thus m is the
minimum of the eigenvalues of all the Hessians computed in S,
and m cannot be zero, since otherwise there would be an x with
H, singular, and this cannot happen since f is strictly convex.
Hence H, > mIVz € S,i.e. f is strongly convex on S. O
Remark 7.2: By an argument similar to that of Lemma 5.1, it
can be shown that for a twice continuously differentiable func-
tion which is strictly convex on D, there exists M > 0 such
that H, < M for all z € S. Moreover, strong convexity on
a closed set S implies boundedness of the latter. Thus, strong
convexity and boundedness of the Hessian are intertwined, and
both are essential in the proof of Theorem 7.3 (see [10]).
Theorem 7.3: The following facts hold true:
1) Jy is twice continuously differentiable on S;
2) Jy is strongly convex on S
3) the Hessian of Jy is Lipschitz-continuous over S
4) the sequence {A;;i > 0} generated by the Newton algo-
rithm of Section V (24)—(53) converges to the unique min-
imum point of Jy in LH.
Proof: Property 1 is a trivial consequence of Theorem 5.3.
To prove 2, remember that Jy is strictly convex on LH hence
alsoon S, and apply Lemma 7.1. As for property 3, what it really
says is that the following operator:

H:Aw— Hp(-)

is Lipschitz continuous on S. Theorem 5.3 implies that Jy €
C3(LH) or, which is the same, that H € C1(LE). The con-
tinuous differentiability of H implies its Lipschitz continuity
over an arbitrary compact subset of Ef{ , hence also over the
sublevel set S, and property 3 follows. Finally, to prove 4, no-
tice that all the hypotheses of [10, 9.5.3, p. 488] are satisfied.
Namely, the function to be minimized Jg is strongly convex
on the compact set S, and its Hessian is Lipschitz-continuous
over S. It remains to observe that Jy is defined over a subset of
the linear space Range I which has finite dimension d over R
(recall that Range I is spanned by a finite set of matrices. See
Proposition 3.1 and Remark 3.3, where d < N). Thus, once
we choose a base in Range I, to every A € L there corre-
sponds a vector in R?, to every positive definite bilinear form
over Range I' there corresponds a positive definite matrix in
R?*4, and to every compact set in L there corresponds a com-
pact set in R%. Hence, every convergence result that holds in R?
must also hold in the abstract setting, in view of the homeomor-
phism between one space and the other. O

VIII. APPLICATION TO SPECTRUM ESTIMATION

A. A Spectral Estimation Procedure

Following the purposes of the THREE method presented in
[9], now we describe an application of the above approximation
algorithm to the estimation of spectral densities. Consider first
the scalar case, and suppose that the finite sequence y1,...,yn
is extracted from a realization of a zero-mean, weakly stationary
discrete-time process {yt}::ioo. We want to estimate the spec-
tral density @, (e) of y. The idea is the following:

* Fix atransfer function G(z) = (2I — A) ! B, feed the data

{y;} to it, and collect the output data {x;}.
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* Compute a consistent, and possibly unbiased, estimate ¥ of
the covariance matrix of the outputs {z; }. Note that some
output samples x1, . . ., £ s should be discarded so that the
filter can be considered to operate in steady state.

* Choose as “prior” spectrum ®, a coarse, low-order, esti-
mate of the true spectrum of y obtained by means of an-
other (simple) identification method.

* “Refine” the estimate <i>y by solving the approximation
problem (8) with respect to G(z), ¥ = 3, and ¥ = <i>y.

To be clear, the result of the above procedure is the only spec-
trum, compatible with the output variance 33, which is closest to
the rough estimate ®,, in the dg distance. Note that we are left
with significant degrees of freedom in applying the above pro-
cedure: The method for estimating ®,, in particular its degree,
and the whole structure of G(z) = (21 — A)~!B, which has
no constraints other than A being a stability matrix and (A4, B)
being reachable.

The coarsest possible estimate of ®,, is the constant spectrum
equal to the sample variance of the {y;}, i.e. &, (e?) = &2,
(1/(N — 1)) Zf\;l |yi|?. The resulting spectrum
has the form 2(1 + G*AG)~2. Another simple choice is ¢, =
W (z)W*(z), where W(z) = 6.(c(z)/a(z)) is alow-order AR,
MA or ARMA model estimated from y1,...,yn by means of
predictive error minimization methods or the like.

The flexibility in the choice of G(z) is more essential, and
has more profound implications. As described in [9], [15], [28]
and [17], the following choice:

A2
where o, =

p 0 0 ... 0 1
0 po 0 ... 0 1
A=|: 0 i, B= (56)
0 0 0 ... 0 1
0 0 0 ... p, 1

where the p;’s lie inside the unit circle, implies that the (true)
steady-state variance X has the structure of a Pick matrix, and
the corresponding problem of finding any spectrum that satisfies
(1) is a Nevanlinna-Pick interpolation. Moreover, the following
choice:

010 ...0 0
00 1 0 0
A=1: .. B= (57)
000 ... 1 0
00 0 0 1

implies that the steady-state variance Y is a Toeplitz matrix
whose diagonals contain the lags cg,c1,...,c,—1 of the co-
variance signal of the input, and the corresponding problem of
finding any spectrum that satisfies (1) is a covariance extension
problem.

These facts justify the theoretical interest in algorithms for
constrained spectrum approximation, if for no other reason, as
tools to compute at least one solution to a Nevanlinna-Pick inter-
polation or to a covariance extension problem, respectively. But
the freedom in choosing G(z) has implications also in the above
practical application to spectral estimation, where the key prop-
erties, not surprisingly, depend on the poles of G(z), i.e., the
eigenvalues of A. In general, as described in [9], the magnitude
of the latter has implications on the variance of the sample co-
variance 3: The closer the eigenvalues to the origin, the smaller
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that variance (see [9, Section II.D]). Moreover, at least as far
as THREE [9] is concerned, the phase of the eigenvalues in-
fluences resolution capability: More precisely, the spectrum es-
timation procedure has higher resolution in those sectors of
the unit circle where more eigenvalues are located. According
to simulations, the latter statement appears to be true also in
our setting (the fundamental difference being that the metric
which is minimized is the Hellinger distance instead of the Kull-
back-Leibler one).

Remark 8.1: In the above setting S is a consistent estimate
of the true steady-state variance. Although 3 must belong to
Range I as N — +o0 (this being the case even if y is the sum
of a purely nondeterministic process and some sinusoids, as in
the simulations that follow), it is almost certainly not the case
that ¥ € Range I" when we have available only the finitely
many data zpr41,...,2N. Strictly speaking, this implies that
the constraint (1) with X = 3 is almost always not feasible. It
turns out that, increasing the tolerance threshold in its step 5,
the Newton algorithm exhibits some kind of robustness in this
respect. That is, it leads to a A whose corresponding spectrum
d is close to satisfying the constraint.

Nevertheless, we prefer a clear understanding of what the re-
sulting spectrum really is. Thus, we choose to enforce feasibility
of the approximation problem, at least as permitted by machine
number representation, before starting the optimization proce-
dure. To this end, following the same approach employed in
[9], we pose the approximation problem not in terms of the es-
timated 3, but in terms of its orthogonal projection $r onto
Range I', which can be easily computed by means of algebraic
methods. That is to say: We cannot approximate in the preimage
F_l(f)), because that set is empty, thus we choose to approx-
imate in T~1($r), where Sr is the matrix closest to 3 such
that its preimage is not empty. This seems a reasonable choice
and by the way it is, mutatis mutandis, what the Moore-Penrose
pseudoinverse does for the “solution” & = Ab, when the linear
system Az = b is not solvable.

Note that it is not guaranteed at all that the projection of a
positive definite matrix onto a subspace of the Hermitian ma-
trices is itself positive definite. In practice, this is not really
a problem, inasmuch Y is “sufficiently positive” and close to
Range I'. The positivity of $r must anyway be checked before
proceeding. This approach and the considerations on the posi-
tivity issue should be compared to [9, Section I1.D], which deals
with the particular case when Range I' is the space of Toeplitz
matrices, and to [27, Section 4], where, to find a matrix a f)p
close to 3, a Kullback—Leibler criterion is adopted instead of
least squares.

B. Simulation Results: Scalar Case

Fig. 1 shows the results of the above estimation procedure
with G(z) structured according to the covariance extension set-
ting (57) with 6 covariance lags (i.e. n = 6, A is 6 X 6), run
over 500 samples of the following ARMA process:

y(t) = 0.5y(t — 1) — 0.42y(t — 2) + 0.602y(t — 3)
— 0.0425y(t — 4) 4+ 0.1192y(t — 5) + e(t)
+ L1le(t — 1) + 0.08¢(t — 2) — 0.15¢(t — 3)
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——True spectrum
.- Estimate w/constant prior
- - -Estimate w/AR3 prior

Fig. 1. Estimation of an ARMA(6,4) spectrum by means of Hellinger-distance
spectrum approximation, constant prior and AR(3) prior.

25¢ ——True spectrum

.- .- Estimate w/constant prior

20

-5 . . . .
0 0.5 1 1.5 2

Fig. 2. Spectral estimates of two sinusoids with superimposed noise by means
of Hellinger-distance spectrum approximation, constant prior. Compare with [9,
Section IV.B, Example 1].

(poles in 0.9, —0.2 + 0.7j, £0.5j) where e(t) is a zero-mean
Gaussian white noise with unit variance. Two priors, both esti-
mated from data, have been considered: the constant spectrum
®, (/) = 62 and the spectrum &, = Wag(z)W3z(2), where
War(z) = 6¢/a(z) is an AR model of order 3 obtained from
the data by means of the Predictive Error Method procedure in
Matlab’s System Identification toolbox.

Fig. 2 shows the performance of the above procedure in a
setting that resembles that of [9, Section IV.B, Example 1]. The
estimation procedure was run on 300 samples of a superposition
of two sinusoids in colored noise

y(t) =0.5sin(wit + ¢1) + 0.5sin(wat + ¢2) + 2(¥)
z(t) =0.82(t — 1) + 0.50(t) + 0.250(t — 1)

with ¢, ¢2 and v(t) independent normal random variables
with zero mean and unit variance, w; = 0.42 and ws = 0.53.
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Fig. 3. Estimation of the spectrum of a bivariate process with rich dynamics by means of Hellinger-distance spectrum approximation, constant prior.

The prior here considered is the constant spectrum equal to the
sample variance of the {y;} data. Following [9], A was chosen
real block-diagonal with the following poles (equispaced in a
narrow range where the frequencies of the two sinusoids lie, to
increase resolution in that region):

0,0.85,—0.85
0.96£i042 () gaEi0.44 () 9oEi0.46 () gaEi0.48 () ¢aEi0.50

(and B a column of ones). It can be seen that Hellinger-distance
based approximation does a good job, as does the THREE algo-
rithm, at detecting the spectral lines at frequencies wy and ws.

C. Simulation Results: Multivariate Case

We now consider spectral estimation for a multivariate
process. Here, 100 samples of a bivariate process with a high
order spectrum were generated by feeding a bivariate Gaussian
white noise with mean O and variance I to a square (stable)
shaping filter of order 40. The latter was constructed with
random coefficients, except for one fixed conjugate pair of
poles with radius 0.9 and argument 0.52, and one fixed con-
jugate pair of zeros with radius 1 — 10~° and argument 0.2.
The transfer function G(z) was chosen with one pole at the
origin and 4 complex pole pairs with radius 0.9 and frequencies
equispaced in the range [0, 7]. Then the above estimating pro-
cedure was applied, with prior spectrum chosen as the constant
density equal to the sample covariance of the bivariate process
y. Fig. 3 shows a plot of ®1;(e’?), Re®y5(el?), Im®(el?)
and @95 (e”), respectively for the true spectrum and for the es-
timation of the latter based on one run of 100 samples. In Fig. 4
we compare the performances of various spectral estimation
methods in the following way. We consider four estimates by,
éME, épEM, and <i>N4SID of ®. The spectral density ti)H is the
estimate obtained by the procedure described above in Sec-
tion VIII-A. The spectral density &g is the maximum entropy
estimate [22] obtained using the same G(z) employed to obtain
our estimate. The spectral densities ﬁ)pEM and §N451D are the
estimates of ¢ obtained by using “off-the-shelf” Matlab pro-

cedures for the Prediction Error Method (see i.e. [39] or [33])
and for the N4SID method (see [42] or [33]): The former is a
multivariable extension of the classical approach to ARMAX
identification, while the latter is a standard algorithm in the
modern field of subspace identification. In order to obtain a
comparison reasonably independent of the specific data set, we
have performed 50 independent runs each with 100 samples of
. In such a way we have obtained 50 different estimates (i)M,iv
M = H, ME, PEM, N4SID, 7 = 1, 2, ..., 50, for each method.
We have then defined

50
1 - . .
L (adPY 79
Fu(9) = = 2_1: bua(e’”) - o) 68)
where || - || denotes the spectral norm. This is understood as the

average estimation error of our method at each frequency. Sim-
ilarly, we have defined the average errors Fyg(¢), Eppm(9),
and Fxysip(¥) of the other methods. In each of the plots of
Fig. 4, we depict the average error of our method Ey(¥) to-
gether with the average error of one of the other methods. More
explicitly, the first diagram shows the error for the Hellinger
approximation method and for the maximum entropy spectrum
described in [22]. The second diagram shows the error for the
Hellinger approximation and for the spectrum obtained via
MATLAB’s PEM identification method. The third diagram
shows the same for Hellinger approximation and MATLAB’s
N4SID method. The Hellinger approximation based approach
appears to perform better or much better than the other methods.
The simulation yields similar results with N = 200 data points.
With N = 300 data samples, PEM and N4SID perform as well
as our method.

Of course, one should always take into account the com-
plexity of the resulting spectrum. In this example, G(z) being
of order 9, the resulting spectral factor (or “model”) produced
by the Hellinger approximation has order 18, whereas the corre-
sponding maximum entropy model has order 9 and both N4SID
and PEM usually choose order 10.
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Fig.4. Estimation of the spectrum of a bivariate process with rich dynamics by means of various methods. Comparison between the spectral norm of the differences

Py — @, Pur — P, Ppem — P, and Pnasip — P (average over 50 simulations).

In our simulation, the norm of the difference of two estimates
produced by PEM or by N4SID is sometimes very large when
compared to the norm of the difference between any two of the
estimates produced by our method. That is, although PEM and
N4SID are provably consistent as N — oo, when few data are
available both of them may introduce occasional artifacts, which
are well visible as “peaks” in Fig. 4 (a “peak” in the 50-run
average is due to a very high error in one of the runs, not to
a systematic error). Our method appears to be more robust in
this respect.

IX. CONCLUSION

In this paper, we considered the new approach to multivariate
spectrum approximation problem with respect to the multi-
variable Hellinger distance, which was proposed in [17]. We
developed in detail the matricial Newton algorithm which was
sketched there, and proved its global convergence. Finally, we
described an application of this approach to spectral estimation,
and tested it against the well-known PEM and N4SID algorithms.

It appears that approximation in the Hellinger distance may
be a useful tool to gain insight into the dynamics of a multi-
variate process when fewer data are available. In particular, sim-
ulations suggest that this method is less prone to produce arti-
facts than PEM and N4SID. Another advantage of our method
and of the maximum entropy paradigm is that a higher reso-
lution estimate in a prescribed frequency band can be easily
achieved by properly placing some poles of G(z) close to the
unit circle and with phase in the prescribed band.

Numerical robustness of the algorithm with respect to the
number and the position of the poles is an open challenge. Also,
the analysis of the achievable precision of the results (in a sta-
tistical sense) has still to be developed.
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